Local realistic models cannot completely describe all predictions of quantum mechanics. This is known as Bell's theorem that can be revealed either by violations of Bell inequality, or allversus-nothing proof of nonlocality. Hardy's paradox is an important all-versus-nothing proof and is considered as "the simplest form of Bell's theorem". In this work, we theoretically build the general framework of Hardy-type paradox based on Bell inequality. Previous Hardy's paradoxes have been found to be special cases within the framework. Stronger Hardy-type paradox has been found even for the two-qubit two-setting case, and the corresponding successful probability is about four times larger than the original one, thus providing a more friendly test for experiment. We also find that GHZ paradox can be viewed as a perfect Hardy-type paradox. Meanwhile, we experimentally test the stronger Hardy-type paradoxes in a two-qubit system. Within the experimental errors, the experimental results coincide with the theoretical predictions. Introduction.-In 1935, Einstein, Podolsky and Rosen (EPR) revealed the confliction between quantum mechanics (QM) and local realism by presenting a subtle paradox: either the quantum wave function does not provide a complete description of physical reality, or measuring one particle from a quantum entangled pair instantaneously affects the second particle regardless of how far apart the two entangled particles are [1]. Nowadays this paradox is well-known as the famous EPR paradox. The attitude of EPR was incline to consider quantum mechanics as an imcomplete theory by denying the quantum phenomenon of nonlocality. For a long time, the EPR argument has been remained a philosophical debate at the foundation of quantum mechanics until the appearance of Bell's work. In 1964, John Bell discovered Bell's theorem: there is no local realistic theory (with local-hiddenvariable (LHV) model) that can reproduce all predictions of quantum mechanics [2]. To reach his purpose, Bell presented an inequality, which is held for any LHV model, but can be surprisingly violated by quantum entangled states. Bell inequality has provided for the first time a powerful tool to distinguish quantum mechanics essentially from local realistic theory in the Bell-test experiments. Due to which, Bell's theorem has been historically regarded as "the most profound discovery of science" [3].
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Introduction.-In 1935, Einstein, Podolsky and Rosen (EPR) revealed the confliction between quantum mechanics (QM) and local realism by presenting a subtle paradox: either the quantum wave function does not provide a complete description of physical reality, or measuring one particle from a quantum entangled pair instantaneously affects the second particle regardless of how far apart the two entangled particles are [1] . Nowadays this paradox is well-known as the famous EPR paradox. The attitude of EPR was incline to consider quantum mechanics as an imcomplete theory by denying the quantum phenomenon of nonlocality. For a long time, the EPR argument has been remained a philosophical debate at the foundation of quantum mechanics until the appearance of Bell's work. In 1964, John Bell discovered Bell's theorem: there is no local realistic theory (with local-hiddenvariable (LHV) model) that can reproduce all predictions of quantum mechanics [2] . To reach his purpose, Bell presented an inequality, which is held for any LHV model, but can be surprisingly violated by quantum entangled states. Bell inequality has provided for the first time a powerful tool to distinguish quantum mechanics essentially from local realistic theory in the Bell-test experiments. Due to which, Bell's theorem has been historically regarded as "the most profound discovery of science" [3] .
In 1969, Clauser, Horne, Shimony and Holt (CHSH) improved the original Bell inequality for two qubits, and they obtained a more experimentally feasible inequality: the CHSH inequality [4] . Subsequently, Aspect, Grangier and Roger successfully verified Bell nonlocality in experiment [5] , despite there were still some locality-loophole and detection-loophole. In 2015, loophole-free Bell-test experiments through violations of the CHSH inequality were carried out to confirm the quantum phenomenon of Bell nonlocality [6] [7] [8] . Nowadays, Bell nonlocality has gained significant applications in different quantum information tasks, such as quantum key distribution, communication complexity, quantum information processing and random number generation [9, 10] .
Wondrously, in 1989 Greenberger, Horne and Zeilinger (GHZ) triggered a new approach to study nonlocality: the GHZ theorem [11] . Essentially, the GHZ theorem is a kind of all-versus-nothing (AVN) proof for Bell nonlocality without using Bell inequality. GHZ theorem is also called GHZ paradox, in which there is a contradiction equality "+1 = −1". Such a sharp contradiction arises if one tries to interpret the quantum result with LHV models, and thus leaves no room for the LHV model to completely describe quantum predictions of the GHZ state. The violation of Bell's inequality demonstrates the incompatibility between the LHV models and quantum mechanics in a statistical manner, while the merit of the AVN proof is just that it may reveal such an incompatibility even with a single run in experiment, therefore needs only fewer experimental measurements.
However, the elegant GHZ argument holds for quantum systems with three and more particles, and unfortunately is not valid for the simplest entangled system: two qubits. To develop the AVN proof (i.e., a logiccontradiction proof) for two qubits, in 1993, Hardy [12] introduced an alternative paradox:
arXiv:1809.04289v1 [quant-ph] 12 Sep 2018          P 1 = P (A 2 < B 1 ) = 0, P 2 = P (B 1 < A 1 ) = 0, P 3 = P (A 1 < B 2 ) = 0,
where P (A i < B j ) is the probability for the event A i < B j , and P (A 2 < B 2 ) denotes P (A 2 = 0, B 2 = 1) for two-qubit, etc. This Hardy paradox consists four probability events. In the classical world, if the first three probability events do not happen, then they will force the fourth probability to be zero. But, according to the different prediction of quantum mechanics, the fourth probability could be greater than zero. The subtle confliction has rendered people to consider Hardy's paradox as "the simplest form of Bell's theorem" [13] . The fourth probability is usually called the successful probability, which can reach it maximum (5 √ 5 − 11)/2 (≈ 9%) when one chooses appropriate two-qubit entangled states and projective measurements. Although the successful probability is weak, the two-qubit Hardy paradox has been demonstrated in several experiments [14] [15] [16] [17] [18] [19] [20] [21] . Later on, Hardy's paradox was theoretically generalized to multisetting [16] , multi-partite [22, 23] and high-dimensional systems [24] .
In this Letter, we advance the study of Hardy's paradox. Firstly, we theoretically establish the general framework of Hardy-type paradox based Bell inequality. We find that (i) the previous Hardy paradoxes are merely special cases in the framework; (ii) by extracting some Hardy's constraints from Bell inequality, one can naturally derive some stronger paradoxes with larger successful probabilities, which are more friendly for experimental test; (iii) GHZ paradox can be viewed as a perfect Hardytype paradox, whose successful probability reaches 100%. Secondly, as a physical application, we experimentally test two stronger Hardy-type paradoxes in the two-qubit system, hence demonstrating the sharper confliction between quantum mechanics and local realism.
Theoretical Framework.-For any nontrivial Bell inequality, it can be written in the following form
with I being the Bell function that is a linear combination of joint-probabilities, f j the coefficient (or the weight) of the probability P j , and L the classical bound. Based on Bell inequality (2), the general Hardy-type paradox is given as follows:
. .
where H i = i (i = 1, 2, · · · , k) represent Hardy's constraints, k i=1 i = L, and P N represents the successful probability [25] . For the LHV models, because the Bell function is bounded by L, thus the k Hardy's constraints must lead to P N = 0. But for quantum mechanics, P N can be greater than zero therefore yields the paradox. The illustration of establishing the general Hardy-type paradox based on Bell inequality can be seen in Fig. 1 .
In the following, we give three concrete examples. Example 1.-The first example is to show that the previous Hardy's paradox can be generated from Bell inequality. The Collins-Gisin-Linden-Massar-Popescu (CGLMP) inequality is a natural extension of the CHSH inequality from two-qubit to two arbitrary d-dimensional systems (i.e., two-qudit) [26] . The Zohren and Gill's succinct version [27] of the CGLMP inequality is given by
Since Bell inequality (4) is bounded by 0, if one imposes three constraints: P (A 2 < B 1 ) = 0, P (B 1 < A 1 ) = 0, P (A 1 < B 2 ) = 0, then from inequality (4), one must have the fourth probability as P (A 2 < B 2 ) = 0 for any LHV model. This generates the previous Hardy's para-dox for two-qudit, including the two-qubit Hardy's paradox (1) as a special case. The behavior of the two-qudit Hardy's paradox has been studied in Ref. [24] , where the successful probability grows up with the increasing dimension d. Similarly, one can derive the N -qubit Hardy's paradoxes [22] based on the N -qubit Hardy's inequalities given in [23] . Example 2.-The second example is to show that the CHSH inequality, if written in different probabilityforms, may generate different Hardy-type paradoxes. In the literature, the CHSH inequality (written in terms of correlation functions) is usually given by
However, when one transforms the correlation-form to the probability-form, actually he can have several different forms of Bell inequality. For instance, the inequality (4) [with d = 2] is one of the probability-forms. The other form can be the following inequality
It is worth to mention that the CHSH inequality in the form (5) is in particular useful. Due to this form, people have successfully proved that Bell nonlocality is tightly bounded by quantum contextually [28, 29] . Based on the inequality (5), one can derive the general Hardy-type paradox as
The detail proof is provided in Supplementary Material (SM) [30] . Remarkably, the successful probability of the Hardy-type paradox is given by
which is more than four times of the original one (≈ 9%). This paradox not only enhances the sharper confliction between local realism and quantum mechanics, but also is more friendly for the experimental test. Example 3.-The third example is to show that there is the perfect Hardy-type paradox, whose success probability can reach 100%. Let us consider the threequbit Mermin-Ardehali-Belinskii-Klyshko (MABK) inequality [9] that written in the probability-form as
Based on which, one can construct the following perfect Hardy-type paradox
The connection between GHZ paradox and the perfect Hardy-type paradox is given in SM [30] . Actually, GHZ paradox can be viewed as a kind of Hardy-type paradox, for which the successful probability equals to 100%. Remark 1.-In SM [30] , we provide more examples for the general Hardy-type paradoxes based on (i) the twoqubit Abner Shimony inequality; and (ii) the two-qubit Bell inequalities realized by the (2k + 1)-cycle exclusivity graphes. For the case (i), we obtain the stronger paradoxes, for instance, Bell inequality I 4422 ≤ 10 may yield the Hardy-type paradox with successful probability P 26 ≈ 0.659882, which is about seven times of the original one (≈ 9%). For the case (ii), we recover the previous ladder Hardy's paradox in [16] .
Experimental Setup and Results.-We now experimentally verify the general Hardy-type paradox (6) for the simplest case with two qubits and two measurement settings. The experimental setup is shown in Fig. 2 . Polarization-entangle photon pairs are generated through type-II spontaneous parametric down-conversion in a 20 mm-long periodically poled KTP (PPKTP) crystal in a polarization Sagnac interferometer [31] . The polarization of the continuous-wave pump laser with a wavelength of 404 nm is rotated to be cos θ|H + sin θ|V by a half-wave plate (HWP), where H and V represent the horizontal and vertical polarizations, respectively. The pumping light is then divided into two paths by a dual-wavelength polarization beam splitter (PBS) and focused on the crystal. The two photons in the entangled state cos θ|HV + sin θ|V H are sent to Alice and Bob, respectively. The state is then changed to be |ψ = cos θ|HH + sin θ|V V with a HWP set to be 45
• on Bob's side. A quarter-wave plate (QWP), an HWP, and a polarization beam splitter (PBS) on both sides are used for quantum state tomography and projective measurements. To show the maximal confliction of the Hardy paradox, we set θ = 0.912. The fidelity of the prepared state calculated as Tr[
is over 0.99, where ρ the and ρ exp represent the theoretical and experimental density matrixes, respectively. The real and imaginary parts of ρ exp are shown in SM [30] .
The eight probabilities of P 1 to P 8 as shown in Eq. (6) are then directly detected (see SM [30] ). To clearly show the confliction, the projective measurement on Alice side A i1 (A i = 1) is chosen to be cos θ ai |H + sin θ ai |V with θ ai =0.722 and 1.504 (i = 1, 2), respectively. The projective measurement on Bob's side B i1 (B i = 1) is chosen to be cos θ bi |H + sin θ bi |V , with θ bi =1.112 and 0.306 (i = 1, 2). The case of A i0 (A i = 0) and B i0 (B i = 0) can also be obtained since |A i0 ⊥ |A i1 and |B i0 ⊥ |B i1 [30] . The corresponding probabilities are shown in Fig. 3a . The blue columns are the experimental results which agree well with the theoretical predictions represented by yellow columns. P 8 = 0.3957 ± 0.0089, with about four times larger than the original one [12] . We further show the three Hardy's constraints of H i (i = 1, 2, 3) obtained in experiment in Fig. 3b , which are all near equal to 1. All the three constraints are well confirmed within the experimental errors. Error bars are deduced from the counting statistics, which are assumed to be Poissonian distribution. Furthermore, we demonstrated another stronger Hardy-type paradox based on Bell inequality I 4422 ≤ 10, which contains 26 probabilities measurements. The confliction can reach as high as P 26 = 0.6802 ± 0.0238 with the confirmation of 9 Hardy's constraints. Experimental results are shown in SM [30] . Conclusion and Discussion.-In conclusion, we have advanced the study of Hardy's paradox by building the general theoretical framework of Hardy-type paradox based on Bell inequality. Starting from a certain Bell inequality, one may extract some Hardy's constraints, and then the remain probability will lead to a paradox due to the different predictions of the LHV model and quantum mechanics. Based on the approach, one can recover the previous Hardy's paradoxes and also establish the stronger Hardy-type paradoxes even for two qubits. Meanwhile, as a physical application, we experimentally test the stronger Hardy-type paradox in a two-qubit system, the experimental results coincide with the theoretical predictions within the experimental errors. Moreover, we also find that GHZ paradox can be interestingly viewed as a perfect Hardy-type paradox, thus unifying two apparently different AVN proofs into a single one. In addition, the general Hardy-type paradox is applicable 
I. THE THEORETICAL PART
A. The CHSH inequality written in different probability-forms
The Clauser-Horne-Shimony-Holt (CHSH) inequality [1] is a well-known Bell inequality for two qubits. If one writes the CHSH inequality in terms of correlation functions, then he obtais
where
, and A i B j are the correlation functions (A i measured on Alice's particle and B j measured on Bob's particle). For a two-qubit system, there is a relation between correlation function and joint-probabilities:
or
By substituting
into (1), one immediately has the CHSH inequality written in terms of joint-probabilities as
which is just the inequality (5) in the main text.
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However, when one writes the CHSH inequality in terms of joint-probabilties, actually the probability-form is not unique. For instance, let us consider the Zohren and Gill's succinct version of the CGLMP inequality for twoqudit [2] [3] [4] , which is given as follows:
where P (A i < B j ) is the probability of A i < B j . For two-qubit, the inequality becomes
which is also equivalent to the CHSH inequality (1).
Proof.-Due to the following relation between joint-probabilities and correlation functions
with I 2 the 2 × 2 unit matrix, then the left-hand side of the inequality (7) can be reduced to
which may yield the inequality (1). Thus, the inequality (7) is also one of probability-forms for the CHSH inequality. This ends the proof. In summary, inequalities (5) and (7) are both the CHSH inequality but written in different probability-forms.
B. General Hardy-type paradoxes based on the CHSH inequality in two different probability-forms Case 1.-For the CHSH inequality written in the form (7), one can have Hardy's paradox as
This paradox is equivalent to the original Hardy's paradox [5] , for which the maximal successful probability equals to (5 √ 5 − 11)/2(≈ 9%). The following is the proof. Assume that the two-qubit system is in the sate |ψ , and the local measurements A i and B j (i, j = 1, 2) can be represented by
where {|A i0 , |A i1 } and {|B j0 , |B j1 } are the orthonormal basis, with
Then we obtain
By taking 
we then have
and
For the parameters
then the three constraint conditions in (10) are satisfied (or see Eq. (14)) and the successful probability attains its maximum value as
Case 2.-For the CHSH inequality written in the form (5), one can have the following general Hardy-type paradox
The following is the proof. In local realistic theory, suppose the output of measurement A 1 were 0, then by the first Hardy's constraint in (19) one has that the outputs of measurements A 2 and B 2 are 1 and 0 respectively, which contradict with the third Hardy's constraint in (19) . Thus, the output of measurement A 1 must be 1, which implies that the outputs of both measurements A 2 and B 1 are 1 by the second Hardy's constraint. Hence, the output of measurement B 2 is also 1 by the third constraint condition in (19) . This means that by requiring H i = 1 (i = 1, 2, 3), one obtains A 1 = B 1 = A 2 = B 2 = 1. Thus, for local correlations satisfying (19) , P 8 = P (A 1 = 0, B 1 = 0) = 0 holds.
In quantum mechanics, the two-qubit pure state |ψ and local measurements {A 1 , A 2 } and {B 1 , B 2 } can be represented by
for i, j = 1, 2. Then we obtain 
holds. Thus, (19) is a general Hardy-type paradox. The numerical calculation error for Hardy's constraints is about 10 −16 (see (23) ). Hence, in quantum theory, there exist local observables {A 1 , A 2 } and {B 1 , B 2 } and two-qubit state |ψ such that the three Hardy's constraint in (19) are satisfied, but P (A 1 = 0, B 1 = 0) ≈ 0.39 > 0. This completes the proof.
Remark 1.-For the general Hardy-type paradox (19) , for simplicity we may initially select some measurement angles as
then we have
In this case H 1 = H 2 . From H 1 − 1 = 0 and H 3 − 1 = 0, we have
where x (≈ −0.667051) satisfies the following algebraic relation
Then in this case we have the successful probability as
which is very close to the maximum value 0.391179.
C. Perfect Hardy-type paradox based on the three-qubit MABK inequality
The three-qubit Mermin-Ardehali-Belinskii-Klyshko (MABK) inequality [6] [7] [8] is given by
Here the correlation functions can be written in terms of joint-probabilities as
with
Due to
we have
Therefore, the three-qubit MABK inequality can be rewritten in terms of joint probabilities as follows
which is the inequality (8) in the main text. Based on the three-qubit MABK inequality with the form (34), we can construct a perfect Hardy-type paradox with success probability equals to 1:
Proof. In local theory, without loss of generality, we can suppose that the output of the observable A 1 is 0. Then the first constraint in (35) implies B 2 + C 2 = 0. For any output of A 2 , we have A 2 + A 2 = 0. Thus, the second and the third constraints in (35) lead to B 1 + C 2 + B 2 + C 1 = 0, which yields B 1 + C 1 = 0. Therefore, A 1 + B 1 + C 1 = 0 holds, i.e., P (A 1 + B 1 + C 1 = 1) = 0.
In quantum mechanics, we select the 3-qubit GHZ state in the following form:
and the observables are chosen as
where σ x and σ y are Pauli matrices. Then we have
From Eq. (33), one finds that the first three Hardy's constraints in (35) hold and P (A 1 + B 1 + C 1 = 1) = 1, which completes the proof. Remark 2.-Due to the relation (32), the three-qubit MABK inequality (34) can be recast to
The corresponding general Hardy-type paradox is given by
which is equivalent to the paradox as shown in (35). Remark 3.-The three-qubit GHZ paradox "+1 = −1" is given by (quantum mechanically) [9] σ
and (classically)
When one multiplies the four equations in (42), the left-hand side gives (v
, but the right-hand side gives −1, thus leads to the full contradiction of "+1 = −1".
By comparing Eq. (38) and Eq. (41), one may observe that GHZ paradox (with the full contradiction "+1 = −1") can be viewed as a perfect Hardy-type paradox (with the successful probability being 100%). Thus the two apparently different AVN proofs (i.e., GHZ paradox and Hardy's paradox) are unified into a single one (i.e., the general Hardy-type paradox).
D.
General Hardy-type paradox based on the AS inequality
The Abner Shimony (AS) inequalities are a family of tight two-qubit n-setting (n is even) Bell inequalities [10] [11] . For even number n, the AS inequality in terms of correlation functions can be written as
where M n ij is the i-th row and j-th column element of the following matrix
Due to the relation (3), the AS inequality can also be rewritten in terms of joint-probabilities as (for convenient, here we use the notation I nn22 to represent the Bell function AS n ):
Remark 4.-For n = 2, the AS inequality I 2222 ≤ 3 is nothing but the CHSH inequality I CHSH ≤ 3 given in (5). Namely, the inequality I nn22 ≤ n 2 +n 2 is a generalization of CHSH inequality from two-setting to n-setting. In the previous section and the main text, we have presented the general Hardy-type paradox based on the inequality (5).
The corresponding successful probability is about 0.391179, which is about four times of 9% (the successful probability for the original Hardy's paradox [5] ).
Remark 5.-To show more examples for the general Hardy-type paradox based on Bell inequality, here we study the AS inequality for n = 4. The inequality reads
The inequality contains 26 probabilities, and the corresponding Hardy-type paradox can be given by
H 5 = P 9 + 2P 10 = 1, H 6 = P 11 + P 12 + P 13 = 1, H 7 = P 14 + P 15 + P 16 = 1, H 8 = P 17 + P 18 + P 19 = 1, H 9 = P 20 + P 21 + P 22 + P 23 + P 24 + P 25 = 2, P 26 > 0.
(47)
Proof. In local theory, similarly, if the first 9 Hardy's constraints in (47) hold, then we can obtain
which yields P 26 = P (A 1 = 0, B 1 = 0) = 0.
In quantum mechanics, we take the local observables {A 1 , A 2 , A 3 , A 4 }, {B 1 , B 2 , B 3 , B 4 } and the two-qubit state |ψ to be the forms as in Eq. (20) . After substituting the following measurement angles 
holds. The proof is completed. In this case, the maximal successful probability is about 0.659, which is about 7 times of 9% (the successful probability for the original Hardy's paradox [5] ).
E. The ladder proof of nonlocality without inequalities
For convenience, here we briefly review the ladder proof of nonlocality without inequalities in Ref. [12] , which is a kind of extension of Hardy's paradox from two-setting to k-setting. For k = 2, the paradox reduces to the original Hardy's paradox in [5] .
According to quantum mechanics, there always exist two-qubit entangled states and local measurements satisfying, simultaneously,
for any i = 2, · · · , k. However, if event A k = 1, B k = 1 happens, then, in any local theory, the event A 1 = 1, B 1 = 1 must happen by the constraint conditions P (A i = 1, B i−1 = 0) = 0 and P (A i−1 = 0, B i = 1) = 0 for any i = 2, · · · , k, which contracts with the last constraint condition in (51). Because of the invariance of max{P (A k = 1, B k = 1)} under locally unitary operations, it is sufficient to consider the pure state |ψ = α|00 − β|11 , with α, β ≥ 0 and α 2 + β 2 = 1, for which the optimal observables, i.e., they satisfy the constraint conditions in (51) and lead to the maximum probability of the nonlocal event, are
and in this case,
holds. Therefore, we obtain the successful probability as
Remark 6.-The result of Ref. [12] shows that P SC (k) grows with increasing k, and P SC (k) → 0.5 as k → ∞. In Table I , we list P SC (k) for k = 2, 3, 4, 5, 6. Furthermore, we plot the relationship between P SC (k) and k in Fig. S1 with 2 ≤ k ≤ 30. [12] ). In a real experiment, inequalities are necessary to show that the errors do not wash out the logical contradiction that local realism faces. Based on the ladder Hardy's paradox as shown in (51), in addition Ref. [12] established a family of Bell inequalities as
Inversely, based on Bell inequalities in (55), one can derive the Hardy-type paradox as in (51).
F. General Hardy-type paradoxes based on (2k + 1)-cycle Bell inequalities
The simplest exclusivity graph [13] is the 5-cycle exclusivity graph (see Fig. S2 ). One kind of Bell inequalities that generated from the 5-cycle exclusivity graph (corresponds to k = 2) is given by
For the 5-cycle Bell inequality, we can construct a general Hardy-type paradox as follows:
Proof. It is easy to have 
hold. Note that the conditions in (60) are just the constraint conditions of the paradox (51) (for k = 2) and the nonlocal event P (A 2 = 1, B 2 = 1) in paradox (57) is just the one in the paradox (51). Thus, (57) is a general Hardy-type paradox, which is equivalent to the paradox (51). Remark 7.-According to the above proof, the general Hardy-type paradox (57) based on 5-cycle Bell inequality is equivalent to the ladder Hardy's paradox given in (51) with k = 2.
The above discussion can be generalized to the general Hardy-type paradoxes based on (2k+1)-cycle Bell inequalities, which can be generated from the (2k + 1)-cycle exclusivity graph. In the following, we present details for the construction.
• k is an odd number: For any joint assignment of all measurements {A i , B j }, one Bell inequality according to the (2k + 1)-cycle exclusivity graph is described by
The general Hardy-type paradox based on the (2k + 1)-cycle Bell inequality is given by
Proof. By
we obtain that the first k Hardy's constraints in (62) are equivalent to the k constraint conditions in the ladder Hardy's paradox as shown in (51). Moreover, the nonlocal event P (A k = 1, B k = 1) is also the one in the ladder Hardy's paradox. Therefore, by Ref. [12] , (62) is a general Hardy-type paradox, which is equivalent to the ladder proof of Hardy's paradox in (51).
• k is an even number: For any joint assignment of all measurements {A i , B j }, it holds that
Proof. Due to
we have that the first k constraint conditions in (65) are equivalent to the k constraint conditions in the ladder Hardy's paradox as shown in (51). Moreover, the nonlocal event P (A k = 1, B k = 1) is also the one in the ladder Hardy's paradox. Therefore, by Ref. [12] , (65) is a general Hardy-type paradox, which is equivalent to the ladder proof of Hardy's paradox in (51).
Remark 8.-According to the above proof, the general Hardy-type paradox based on (2k + 1)-cycle Bell inequality is equivalent to the ladder Hardy's paradox given in (51).
II. THE EXPERIMENTAL PART

A. Experimental measurement of probabilities
To show the max conflict of the general Hardy-type paradox based on the Bell inequality I CHSH ≤ 3, we set θ = 0.912 for the two-qubit state |ψ = cos θ|HH + sin θ|V V . The tomography result is shown in Fig. S3 , and the fidelity is over 0.99. To measure the probabilities, we directly measure coincident counts in 16 different settings, which are shown in Table II . To clearly show the confliction, the projective measurement on Alice side A i1 is chosen to be cos θ ai |H + sin θ ai |V with θ ai =0.722 and 1.504 (i = 1, 2), respectively.The projective measurement on Bob's side B i1 is chosen to be cos θ bi |H + sin θ bi |V , with θ bi =1.112 and 0.306 (i = 1, 2). 
In this section, we give an example on how we calculate the probability P 8 . All the other probabilities can be calculated with the similar method. The probability P 8 is represented by:
which can be decomposed into ψ|I 2 ⊗ I 2 |ψ , − ψ|A 11 A 11 | ⊗ I 2 |ψ , − ψ|I 2 ⊗ |B 11 B 11 |ψ and ψ|A 11 A 11 | ⊗ |B 11 B 11 |ψ . Moreover, ψ|I 2 ⊗I 2 |ψ can be written as the sum of ψ|HH HH|ψ , ψ|HV HV |ψ , ψ|V H V H|ψ , ψ|V V V V |ψ ; ψ|A 11 A 11 | ⊗ I 2 |ψ can be decomposed into ψ|A 11 H A 11 H|ψ and ψ|A 11 V A 11 V |ψ ; Similarly, ψ|I 2 ⊗ |B 11 B 11 |ψ can be written as the sum of ψ|HB 11 HB 11 |ψ and ψ|V B 11 V B 11 |ψ . So we can easily calculate these probability,          ψ|I 2 ⊗ I 2 |ψ = ψ|HH HH|ψ + ψ|HV HV |ψ + ψ|V H V H|ψ + ψ|V V V V |ψ = N total /N total , ψ|A 11 A 11 | ⊗ I 2 |ψ = ψ|A 11 H A 11 H|ψ + ψ|A 11 V A 11 V |ψ = (N 9 + N 10 )/N total , ψ|I 2 ⊗ |B 11 B 11 |ψ = ψ|HB 11 HB 11 |ψ + ψ|V B 11 V B 11 |ψ = ( where
Here, we get the the expression of P 8 ,
In the same way, we get other probabilities P 1−7 .
B. The experimental result of general Hardy-type paradoxes based on the Bell inequality I4422 ≤ 10
To show the max conflict of the general Hardy-type paradox based on the Bell inequality I 4422 ≤ 10, we set θ = 0.595. The tomography result is shown in Fig. S4 , and the fidelity is 0.99 ± 0.05. Similar to the Hardy-type paradox based on the Bell inequality I 2222 ≤ 3 (or I CHSH ≤ 3), here we record the coincident counts in 36 different settings, which are shown in Table III . 
The probabilities are shown in Fig. S5a . The blue columns are the experimental results and the yellow columns represent the theoretical predictions. The experimental results agree well with the theoretical predictions. The conflict of the Hardy's paradox can be reached as high as P 26 = 0.6802 ± 0.0238, which is about seven times larger than the original one (≈ 9%) [5] . We further show the 9 Hardy's constraints of H i (i = 1, 2 · · · 9) obtained in experiment in Fig. S5b , where H 1 ∼ H 8 are nearly equal to 1 and H 9 is nearly equal to 2. All the 9 Hardy's constraints are well confirmed within the experimental errors. Error bars are deduced from the counting statistics, which are assumed to be Poissonian distribution. 
